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The present work is essentially concerned to introduce a hybrid analytical-numerical method
to calculate the geometrical, the total, and the full-energy peak efficiency of the spherical
NaI(Tl) detector for using isotropic radiating g-ray point sources. In addition, it calculates
the average path lengths travelled by the photon inside the detector active medium, in order to
study the characteristics of the source-to-detector configurations. This method was depended
mainly on the calculation of the solid angle subtended by the radioactive point sources, which
were situated at various locations from the detector surface and the photons path lengths
through the detector active medium. Also, taking into account the attenuation coefficients of
all the absorbers between the source and the detector material itself. The obtained results
were compared against one data set published to show the method's possibility in the calibration process.
Key words: spherical NaI(Tl) detector, geometrical solid angle, detector efficiency,
radioactive point source, hybrid analytical-numerical method

INTRODUCTION
In the pursuit of precision measurements, nothing
is simple even when the equipment at work appears to
be wholly uncomplicated. The g-ray spherical detector
design is considered as an instructive case in radiation
measurements, where it can be used easily in several
critical applications, including the medical therapy, radiation protection and environmental exposure monitoring. Therefore, the understanding of the full scope of
the multidimensional calibration and measurement process must be done with a good accuracy even if the detector design seems less complex at first. In gamma ray
spectrometry, knowing the solid angle W is the most important and widely used to calibrate the different detectors and determine their various efficiencies (geometrical, total and full-energy peak) [1-12]. Typically, the
experimental calibration process for the gamma-ray detectors is not easy, due to the fact that it is a hard work to
obtain the exactly calibrated g-sources of various
shapes and medium [13-15]. Therefore, there are many
reports which were done and developed for
gamma-spectrometries measurement systems, where
some of them used Monte Carlo, semi-empirical, direct
* Corresponding author; e-mail: ms241178@hotmail.com

mathematical and efficiency transfer method in this calibration process [1-15]. The geometrical solid angle, W,
calculation was presented by an isotropic radiating
g-ray source, for any given detector shape is looked
to be the most difficult step [15-19]. The geometrical
efficiency, eg (= W/4p), depends on the solid angle subtended by radiating g-ray sources situated at different
locations from the detector surface, which allows calculation of photon path lengths through any detector system.
Presently, the NaI(Tl) detectors have been commonly used in different detecting systems in the form
of well-type, parallelepiped, cylindrical, hexagonal,
borehole, sphere, etc., where it has relative simplicity,
low cost of crystal preparation, high mass number,
high efficiency and room temperature operation [20].
The spherical NaI(Tl) detector as a special design has a
broad solid angle subtended to the isotropic radiating
g-ray point sources, if it is used for the calibration process [15]. This work will offer a new hybrid analytical-numerical (HAN) method to calculate by the integration of the geometrical, the total and the full-energy
peak efficiency of the spherical NaI(Tl) detector,
where an isotropic radiating g-ray point sources situated at different positions were used, and this is considered as the main aim of this work. All the analytical
integrations were solved numerically by using the
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trapezoidal rule, and the accuracy of the integration increases as the number of intervals, n, increasing at the
side of the integration value converges fine at large
value of n [7-12].
The calculation of the total and the full-energy
peak efficiency of the spherical NaI(Tl) detector depends most strongly of two factors. First, the calculation of the photons path lengths through the detector
active medium [1-5]. Second, the calculation of the attenuation of all absorbers materials between the
source and the detector active medium [21-29]. Besides the study of the change of the average path
lengths through the detector material as a function of
the radioactive point source-to-detector distance, h.
This method can be useful after some modifications in
a forthcoming work with additional experimental evidence to determine the sample activity.
The arrangement of this paper is as follows. The
mathematical model section presents the analytical
calculation of the geometrical solid angle in details,
the total and the full-energy peak efficiency in case of
using an isotropic radiating g-ray point sources. These
sources were situated on the spherical detector major
axis at a distance, h, from its end cap as shown in fig. 1.
The results and discussion section contain several calculations and comparisons between this approach and
some published data. The results of comparison
showed the validity of the recent approach. The conclusions are given in last section.
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MATHEMATICAL MODEL

Geometrical efficiency
This section gives an explanation about the new
HAN method, which depends on the direct mathematical method [7-9]. The method will be useful to find the
geometrical efficiency of the spherical NaI(Tl) detector of radius, R, with outer layers Al and MgO as
shown in fig. 1. The geometrical efficiency, eg, for any
specified source-to-detector configuration can be
given by
eg =

1
ò dW, where dW = sin qdqdf
4p W

(1)

The polar angle, q, and the azimuthal angle, f,
will control the direction of the incidence photons,
while the geometrical solid angle, W, is subtended between the source and the detector and can be given by
W = ò ò sin qdqdf

(2)

fq

The geometrical solid angle, W, will be calculated for the isotropic radiating g-ray point sources by
the spherical co-ordinate system. The geometry is assumed to be axially as shown in fig. 1, where an isotropic radiating axial point source was used and located at
a distance, h, from the detector surface. The azimuthal
angle, f, takes always the values from 0 to 2p. Considering all these conditions, the final expression of the
detector geometrical efficiency, eg(Point-Axial), can be
given by
1 2p qmax
(3)
e g(Point - Axial) =
ò ò sin qdqdf
4p 0 0
where qmax is the maximum extreme polar angle, that
allows the photons to go into the detector active medium in case of axial isotropic radiating point source
and it takes a certain value given by
R
æ
ö
(4)
q max = sin -1 ç
÷
è R +h+xø
where x is the spacing between the detector surface
and the outer housing.

TOTAL AND FULL-ENERGY
PEAK EFFICIENCY

The basic idea of this method is the fact that if the
photon with incidence energy, E, from isotropic radiating point sources enters a detector active medium, then
the probability fraction, P, of this photon to be recorded inside the detector from the solid angel element, dW, as a result of the emission of an electron (or
electrons) is given by
Figure 1. The point source is situated on the spherical
detector main axis

P=

1
- md
ò (1- e ) d W
4p W

(5)
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where d is the distance covered by the photon inside
the detector active medium material, which depends
on the source-to-detector geometry. The attenuation
coefficient of the detector's material, m, can be replaced by the total attenuation coefficient, mT, of the
detector's material for gamma-ray energy, E, (excluding the coherent scattering portion) [30] to determine
the total efficiency, eT, of the spherical NaI(Tl) detector based on the following cases:
– In case of an axial isotropic radiating point sources,
the total efficiency, eT(Point-Axial), of the spherical detector will be given as
e T(Point - Axial)

1 2pqmax
=
ò ò f att f1 sin qdqdf
4p 0 0

-1

(6)

The attenuation factor, fatt, is due to the reflector,
the end-cap, the absorber between the source and the
detector from the front and the side as well, which are
described as the absorber layers with attenuation coefficients, m1, m2,…, mn, and the relevant thicknesses, t1,
t2,…, tn, between the source-to-detector system [25] is
given by
n

f att = e

- å mi d1

where d i =

i= 1

ti
cos q

(7)

where the striking photon will enter the face of the
spherical detector and emerge from the other side as
shown in fig. 1.
The factor f1, is expressed as f1 = (1 - e - mT d )
where d is the possible path length travelled by the
photon within the detector active volume and can be
given by
(8)
d = 2 R 2 - ( R + h + x ) 2 sin 2 q
–

In case of the full-energy peak efficiency computation, the coefficient m is replaced by the full-energy peak attenuation coefficient mP for the detector material, which represents the only part
contributing to the full-energy peak (the photoelectric coefficient + the fractions of the incoherent and pair production cross-section leading to
the full-energy peak) to determine the full-energy
peak efficiency, eP, of the spherical NaI(Tl) detector, which depend on axial isotropic radiating
point sources only as in [13]. The full-energy peak
efficiency, eP(Point-Axial), of the spherical detector
will be given as
q

e P(Point - Axial)

source-to-detector configuration, since the peak attenuation coefficient mp, cannot be determined directly.
Changing the values of the attenuation mp, in eq. (9) a
few times till reaching the small deviation of less than
2 % between the measured and the calculated efficiency. Once obtaining the suitable values of the attenuation mp, the mathematical method can be used to extend the calculated values of the attenuation mp, as a
function of gamma-ray energy E. This can be done by
plotting and fitting the values of the peak attenuation
coefficient mp vs. the photon energy E, and the outcome will be an empirical formula given as

1 2p max
=
ò ò f att f1 sin qdqdf where
4p 0 0
(9)
f1 = (1 - e - mP d )

In order to get the peak attenuation coefficient
mp, the measured efficiency values of an axial position
using 137Cs and 60Co as a radioactive point sources
[15] were compared with theoretical calculations using a new HAN method in eq. (9). The measured efficiency values were used in this approach to obtain the
full peak attenuation coefficient mp, for this particular

é E - 0.5509 ù
(10)
m p = 0.06143 ln ê
ë 2.215 úû
At this time, the calculated values of the attenuation mp, can be used easily to build a calculated efficiency curve for the spherical detector with axial radioactive point source as a function of gamma-ray
energy. Otherwise, it will be difficult to obtain the
curve of the calculated full-energy peak efficiency in
the absence of the full-energy peak attenuation coefficient mp, for this particular source-to-detector configuration.
The average distance, d, travelled by the photon
inside the spherical NaI(Tl) detector material depending on the position of the incident photon in general
will be discussed later on and will be given as
ò d ( q, j ) d W
d=

W

ò dW

ò ò d ( q, j )sin qd qdj
(11)
= Wq
W

W

where q and j, are the polar and the azimuthal angles,
respectively, and define the direction of the incidence
photons as discussed before. The average distance of
an isotropic radiating axial point source will be given
as
qmax

d=

ò d1
0
qmax

sin qd q
=

ò sin qd q
qmax

2
=

ò

0

R 2 - ( R + h + x ) 2 sin 2 qdq

0
qmax

(12)

ò sin qd q
0

RESULTS AND DISCUSSION

The new facility of the g-ray spherical detector
shape presents a few more challenges than other designed shapes, both in the manufacturing process and
the subsequent volume measurement. The scientists
have measured the full-energy peak of the spherical
NaI(Tl) detector in [15], by allowing a beam of photons to from an isotropic radiating g-ray point sources
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to enter the detector as measurement devices for a specific time at a specific distance. The measurements in
[15] were done by using a 7.62 cm diameter spherical
NaI(Tl) crystal with Al material of thickness 0.8 mm,
as detector end cap housing and MgO material of
thickness 3 mm as a reflector as shown in fig. 1. The
point sources 137Cs and 60Co were positioned axially at
10 cm from the detector surface using 9 mm thick of
acrylic holder [15].
The detector materials and dimensions were
used realistically with the present HAN method, in order to estimate the geometrical, the total and calculate
the full-energy peak efficiency of the spherical
NaI(Tl) detector for using isotropic radiating g-ray
point sources. The true geometry is a sphere with a cylindrical connection to the photomultiplier tube. The
study does not consider the effect of this extra volume
of active material, and the average path lengths travelled by the photon inside the detector active medium
are calculated. The calculations were done by situating
the point sources axially from the detector major axis
as shown in fig. 1. The calculated full-energy peak efficiency was compared with the measured and Monte
Carlo data published in [15] to show the method's possibility in the calibration process.
The calculated axial geometrical efficiency of the
spherical detector as a function of the source-to-detector distance h, which started from 1 up to 10 cm given
by eq. (3) as shown in fig. 2. The geometrical efficiency
was decreased exponentially as the source-to- -detector
distance h increased. The calculated axial total efficiency of the spherical detector at a distance 10 cm from
the detector surface, as a function of the photon energy
from 0.1 up to 4 MeV given by the eq. (6) is presented in
fig. 3. The total efficiency has a small value at 0.1 MeV,
then increased with photon energy to its maximum at
0.2 MeV, and after that started to decrease exponentially. This behavior was happening as an effect of the

Figure 2. The calculated axial geometrical efficiency of
the spherical detector as a function of the source-to-detector distance h, from 1 up to 10 cm
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Figure 3. The calculated axial total efficiency of the
spherical detector at a distance 10 cm from the detector
surface as a function of the photon energy from 0.1 up to

4 MeV

Figure 4. The calculated axial full-energy peak efficiency
of the spherical detector at a distance 10 cm from the
detector surface as a function of the photon energy from
0.7 up to 2 MeV

photon attenuation process, which is a function of the
photon energy.
The calculated axial full-energy peak efficiency
of the spherical detector at the source-to detector distance 10 cm as a function of the photon energy from 0.7
up to 2 MeV, was given by eqs. (9) and (10) is presented
in fig. 4. The full-energy peak efficiency decreased exponentially with the source energy. The average path
length as a function of the axial source-to-detector distance h from 1 up to 20 cm given by equation (12), was
presented in fig. 5. The average path length was increased exponentially with the source-to-detector distance h increased, and reached an almost fixed value at
distances higher than about 15 cm.
In tab. 1, the axial full-energy peak efficiency of
the spherical detector for using the photons from 137Cs
and 60Co sources was calculated by eqs. (9) and (10).
Also, it was compared with the measured and Monte
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Figure 5. The average path length as a function of the
axial source-to-detector distance h from 1 up to 20 cm

Carlo data published in [15]. Table 1 contains, as well,
the calculated full-energy peak attenuation, mP, given
by eq. (10) and the deviation D1 % and D2 % between
the [eCalculated/eMeasured and eCalculated/eSimulated] based
on the following equations, respectively
eCalculated - e Measured
ü
× 100 % ï
ï
eCalculated
ý
eCalculated - e Simulated
D2 =
× 100 %ï
ïþ
eCalculated
D1 =

(13)

The comparison between the calculated efficiency values using the present HAN method, the published experimental and Monte Carlo data [15] needs
the knowing of the uncertainty source for each
method. Based on reference [15], the uncertainty of
the measured full-energy efficiency depends on the
uncertainty of following values: the net peak area in
counts (statistical uncertainties of the measured peaks
were in the range of 0.2 %), the activity of source at the
time of standardization, the absolute g-ray emission
probability, the elapsed time since standardization, the
decay constant and the measuring time (in seconds), in

addition to the uncertainty of the source position,
which was estimated to be within 3 mm. By combining
all of these uncertainty components, the standard uncertainties of the measured values are less than 2.5 %.
In tab. 1, the Monte Carlo full-energy peak efficiencies for using the photons from 60Co and 137Cs
sources are compared with the measured values, and
by scoring the both photons of 60Co successively in
one simulation history, the peak are a reduction due to
the coincidence summing was evaluated to be less than
1 % [15]. Errors involved in the peak area estimation
were less than 2 %. The statistical uncertainty of the
Monte Carlo calculations was less than 0.5 % and by
combining all of these uncertainty components, the
standard uncertainty of the efficiency calculations was
obtained to be about 5 % [15]. On the other hand, the
uncertainty of the present HAN method for calculating
the full-energy peak and the total efficiencies in tabs.1
and 2 was found to be in the order 10-6 %, which is a
very small value. The main reason for this phenomena
is the uncertainty of the calculated efficiency and depends mainly on the energy uncertainty only, where
the rest of the input factors are given without any accompanying errors. Therefore, due to the small value
of the uncertainty, it can be neglected. The discrepancy
Table 2. The calculated axial total efficiency of the
spherical detector for the photons from 137Cs and 60Co
sources as a function of the source-to-detector distance h
Axial total efficiency
Source-to-dete
137
60
ctor distance, h
Cs
Co
[cm]
(0.6617 MeV) (1.1732 MeV) (1.3325 MeV)
1
1.130E-01*
9.800E-02
9.600E-02
2
6.900E-02
6.100E-02
5.900E-02
3
4.700E-02
4.200E-02
4.100E-02
4
3.400E-02
3.000E-02
2.900E-02
5
2.500E-02
2.300E-02
2.200E-02
6
2.000E-02
1.800E-02
1.700E-02
7
1.500E-02
1.400E-02
1.400E-02
8
1.200E-02
1.100E-02
1.100E-02
9
1.000E-02
9.442E-03
9.278E-03
10
8.457E-03
7.892E-03
7.765E-03
*

1.130E-01 means 1.130×10–1

Table 1. The calculated axial full-energy peak efficiency of the spherical detector for the photons from 137Cs and 60Co sources
compared with measured and simulated data by Monte Carlo method [15] beside the uncertainties
Source
137

60

Cs

Co

Source
137

Cs

60

Co

Energy [MeV]
0.6617
1.1732
1.3325

Energy [MeV]
0.6617
1.1732
1.3325

Measured [15]

Axial full-energy peak efficiency
Simulated [15]

(6.84 ± 0.11)E-03
(4.16 ± 0.10)E-03
(3.69 ± 0.08)E-03
Extension
Calculated full-energy peak
attenuation (mp)
1.84E-01
7.80E-02
6.40E-02

(6.65 ± 0.33)E-03
(4.03 ± 0.20)E-03
(3.59 ± 0.18)E-03

Calculated (HAN)
6.86E-3 ± 0.00
4.16E-3 ± 0.00
3.61E-3 ± 0.00

Deviation percentage
D1 [%]
D2 [%]
0.35 ± 0.11E-03
3.12 ± 0.33E-03
0.07 ± 0.10E-03
3.19 ± 0.20E-03
–1.99 ± 0.08E-03
0.77 ± 0.18 E-03
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in eq. (13) with ± uncertainty was calculated based on
reference [31], as shown in tab. 1.
The calculated axial total efficiency of the spherical detector for using the photons from 137Cs and 60Co
sources depends on the eq. (6) as a function of the
source-to-detector distance h, which started from 1 up
to 10 cm and will be presented in tab. 2, where the total
efficiency decreased with the increase of the
source-to-detector distance h. These phenomena related to that, the gamma-ray intensity emanating from
a source falls off with the distance, according to the inverse square law. Also, the total efficiency decreased
as the source energy increased related to the attenuation actions.
The average path length as a function of the polar
angle, q, from 9.0° up to 52° given by eq. (12) is presented in fig. 6. It decreased sharply from its maximum
as the polar angle q, increased. In that case, the polar
angle q, was calculated depending on eq. (4) equiva-
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lently by changing the axial source-to-detector distance h, from 1 up to 20 cm. The variation of the calculated full-energy peak attenuation of the spherical detector at a distance 10 cm from the detector surface, as
a function of the photon energy is presented in fig. 7.

CONCLUSIONS

HAN method was developed in the present work
to give larger facility in order to calculate the various
efficiencies of spherical NaI(Tl) crystal based on the
radial geometry. This mathematical approach is essentially numerical integration and needs only a few experimental events, then the calculations can be done
within a reasonable time, even with a little central processing unit. It is an easy and very fast procedure for
the computation process. This method can be also
helpful after simple modifications to evaluate the
full-energy peak efficiency using the efficiency transfer method as another method. This can be derived
from knowing the change in efficiency under conditions of measurements and different sources used in
the calibration process.
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HIBRIDNA ANALITI^KO-NUMERI^KA METODA ZA PRORA^UN
EFIKASNOSTI SFERI^NOG SCINTILACIONOG NaI(Tl)
DETEKTORA I PROIZVOQNO POSTAVQEN TA^KASTI IZVOR
Predstavqena je hibridna analiti~ko-numeri~ka metoda za prora~un geometrijske i
ukupne efikasnosti, kao i efikasnosti detekcije pika maksimalne energije sferi~nog NaI(Tl)
detektora, pri primeni izotropnih ta~kastih izvora gama zra~ewa. Pored ovoga, radi izu~avawa
karakteristika konfiguracija izvor-detektor, prora~unata je sredwa du`ina pre|enih putawa
fotona unutar aktivne sredine detektora. Ova metoda najvi{e zavisi od prora~una prostornog
ugla naspram ta~kastih izvora zra~ewa, koji su postavqeni na razli~ite lokacije u odnosu na
povr{inu detektora, kao i od du`ina putawa fotona kroz aktivnu sredinu detektora. Metoda
uzima u obzir i koeficijente slabqewa svih apsorbera izme|u izvora i detektora. Dobijeni
rezultati upore|eni su sa objavqenim setom podataka kako bi se pokazala mogu}nost primene
metode u kalibracionom postupku.
Kqu~ne re~i: sferi~ni NaI(Tl) detektor, geometrijski prostorni ugao, efikasnost
..........................detektora, ta~kasti izvor zra~ewa, hibridna analiti~ko-numeri~ka metoda

